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Although the physical octave is defined as a simple ratio of 2:1, listeners prefer slightly greater
octave ratios. OhgusHiJ. Acoust. Soc. Am73, 1694-1700(1983] suggested that a temporal
model for octave matching would predict thistave enlargemergffect because, in response to
pure tones, auditory-nerve interspike intervals are slightly larger than the stimulus period. In an
effort to test Ohgushi’s hypothesis, auditory-nerve single-unit responses to pure-tone stimuli were
collected from Dial-anesthetized cats. It was found that although interspike interval distributions
show clear phase-locking to the stimulus, intervals systematically deviate from integer multiples of
the stimulus period. Due to refractory effects, intervals smaller than 5 msec are slightly larger than
the stimulus period and deviate most for small intervals. On the other hand, first-order intervals are
smaller than the stimulus period for stimulus frequencies less than 500 Hz. It is shown that this
deviation is the combined effect of phase-locking and multiple spikes within one stimulus period. A
model for octave matching was implemented which compares frequency estimates of two tones
based on their interspike interval distributions. The model quantitatively predicts the octave
enlargement effect. These results are consistent with the idea that musical pitch is derived from
auditory-nerve interspike interval distributions. ®99 Acoustical Society of America.
[S0001-496609)05111-5

PACS numbers: 43.64.Pg, 43.66.Ba, 43.66[RQF]

INTRODUCTION about 4-5 kHz(Ward, 1954; Attneave and Olson, 1971
There is considerable variability in the octave enlargement

The octave is the basis of most known tonal systemssffect across listeners but it is nonetheless a statistically sig-
throughout the world (Dowling and Harwood, 1986 nificant effect in all the reported studies. The effect is also
Pitches that are an octave apart are deemed equivalent een in a wide variety of stimulus conditions and in subjects
some degree and can serve the same musical function withigith various musical backgrounds. It is seen when the two
certain tonal contexts. The prevalence of the octave as thgnes are presented simultaneouélyard, 1954; Demany
fundamental building block of tonal systems suggests thadnd Semal, 1990and under the method of constant stimuli
there may be a physiological basis for octave equivalence. (Dobbins and Cuddy, 1982The studies shown in Fig. 1

A physical octave is defined as a frequency ratio of 2:1yyere all performed using pure-tone stimuli but Sundberg and
It is known, however, that listeners prefer octave ratios|indqvist (1973 reported the effect with complex tones as
slightly greater than 2:1Ward, 1954; Walliser, 1969; Ter- el| as pure tones. Ward954 reported the presence of the
hardt, 1971; Sundberg and Lindqvist, 1978 a typical pro-  effect in listeners without musical training and in listeners
cedure to measure thictave enlargemergffect, a subject  with musical training as well as in possessors of absolute
listens to a lower standard tone alternating with an adjustablsitch. Dowling and Harwood1986, p. 103 reported the
higher tone and is instructed to adjust the frequency of theffect in a number of musical cultures.
higher tone until it sounds one octave above the lower tone.  The presence of the octave enlargement effect under a
Results of three such experiments are shown in Fig. 1. Thgide range of subject and stimulus conditions suggests that
size of the preferred or subjective octave is close to 2:1 afhe effect may have a general physiological basis. Ohgushi
low frequencies but increases with frequency and exceed@_983 proposed an octave matching scheme based on a tem-
the physical octave by almost 3% at 2 kHz. It is difficult for poral model for pitch that predicts the octave enlargement

listeners to make octave judgments for tones above about ggact. In an earlier study, he noticed that, in response to pure
kHz. This corresponds to an upper limit in musical pitch of (ones  auditory-nerve interspike intervals are slightly longer

than integer multiples of the stimulus perid®hgushi,
dAuthor to whom correspondence should be addressed. 1978. He then showed, using a temporal model for octave
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304 ¥ Terhardt (1971) binwidths (1 useg were used when generating ISI histo-

& b : grams in order to accurately estimate the modes.

E 2.5 0 Ohgushi (1983) .

£ A. Experiment

"; 204 Data were recorded from auditory-nerve fibers in six

< 15 healthy, adult cats. Cat preparation and recording techniques

§ were standard for our laboratofiiang et al, 1965; Cariani

8 10- % and Delgutte, 1996a

g | g In each experiment, the cat was Dial-anesthetized with

v 05- HEEHEESHEE an initial dose of 75 mg per kg of body weight and subse-

g e guent doses of 7.5 mg per kg of body weight. A craniectomy

:‘§ 0.0 g : was performed and the middle-ear and bulla cavities were

3 opened to access the round window. The cerebellum was
-0.54

= T retracted to expose the AN. Injections of dexamethasone

2500 (0.26 mg/kg of body weight/dayto reduce brain swelling,
and Ringer's saling50 ml/day, to prevent dehydration,

FIG. 1. Psychoacoustic measures of the octave enlargement. Adapted fropf€re given throughout the expe_rlme_nt. ) ) )

Fig. 4 in Sundberg and Lindqvi$1973 and Fig. 9 in Ohgushi1983. The The cat was placed on a vibration isolation table in an

subjective octave, obtained from octave matching experiments, is plotted aslectrically shielded, temperature-controllég8 °C) cham-

a deviation from the physical octave versus the frequency of the lower ton%er The AN compound action otenti@IAP) in response

in the octave pair. The subjective octave is larger than the physical octave ~ . . . P . p P

and the deviation grows with frequency. to click stimuli was monitored with a metal electrode placed

near the round window. The cat’s hearing was assessed by

ichi that th deviati lead t dicii f th monitoring the CAP threshold and single-unit thresholds.

metlc Ing,l a es:[e ffewahlonsh_ezil%o a prediction ot the  g4nd was delivered to the cat's ear through a closed

octave enlargement effe®hgushi, B acoustic assembly driven by @eyerdynamic DT 48A

L:]pon Leview of S;ghgus_hi’s(;%a modk;a_l for foctavef headphone. The acoustic assembly was calibrated with re-
matching, Hartmanf1993 pointed out an arbitrary factor o . spect to the voltage delivered to the headphone, allowing for

two. This scaling factor, which is not based on any phys"accurate control over the sound-pressure level at the tym-

ological process, allows a model listener to theoretically Sebanic membrane. Stimuli were generated by a 16-bit, Con-
it, and thus the octave interval, to any value. Hartmann sugéurrent(DAO4H) digital-to-analog converter using a éam-

gest.ed a variation of the model that WOL.“d not rely on such ling rate of 100 kHz. The total harmonic distortion for pure
scaling factor. He also suggested that if the model operate nes between 110 and 3000 Hz was less thas dB re

on all-order interspike intervals instead of first-order inter'fundamental when measured at a stimulus level of 95 dB
spike intervals, it may better predict the psychoacoustic dataSPL

The work presented here was motivated by the hypoth- AN action potentialdspikes were recorded with glass

eses presentgd by Ohgu;hl and_ Hartmann. Neither one (r)r];icropipette electrodes filled with 2 M KCI. The electrodes
them could reliably test their predictions because the emstmg\l
physiological data consisted of only a small number of

coarse-resolution interspike-interval distributions. It was . ) :
therefore difficult to measure the modes of the distributionsGSo)' The electrode signal was band pass filtered and fed into

i.e., characterize the intervals, with high precision. Speciaix"l.Splke detect_o_r. The times of spike peaks were recorded
methods were used in this study to ensure high-pre<:isio\r'1vIth Lus precision. . .
Nerve fibers were sought using a cligkear 55 dB SPL

interval analyses so that predictions of temporal models for . ; .
y b b s a search stimulus. Upon contact with a fiber, a threshold

octave matching could be reliably evaluated. We combined™ ted using the Moxia t al
spike data across fibers to form pooled interspike interva uning curve was generated using the vio ng et al,
970 algorithm with a criterion of 0. The spontaneous rate

histograms which have been shown to reflect a wide variet . .
of pitch phenomenéCariani and Delgutte, 1996a, 1996 of the fiber was then measured by counting the number of

addition to characterizing interspike intervals, we have deSPikes over a 20-sec period. Units with a characteristic-

veloped and evaluated models for octave matching, based Jﬁaquency(CF) threshold more than two standard deviations

Ohgushi’'s and Hartmann'’s ideas, which operate on poole way from.the mean thre;shold for normal ',A‘N fibe(a§
interspike interval histograms. ound by Liberman and Kiang, 19Y8vere not included in

the analysis.
An estimate of the number of false triggers in the spike

| METHOD record was derived from examination of the ISls. Because

the absolute refractory period of AN fibers prohibits ISIs

The methods used in this study differ from typical smaller than about 0.5 mséGaumondet al., 1982, 1983

auditory-nerve (AN) studies in that specific efforts were intervals shorter than 0.5 msec were assumed to be false
taken to ensure accurate estimation of interspike intervalriggers. Spike records containing more than 0.1% of these
(ISls): Unusually long recordings were made to ensure theshort intervals were not included in the analysis.
inclusion of a high number of spikes in each record; very fine  The experimental data were recorded using pure-tone

— T
500 1500
Frequency of Lower Tone (Hz)

ere visually placed on the nerve and then mechanically
stepped through the nerve using a micropositiotteopf
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stimuli at frequencies of 110, 220, 440, 880, 1500, 1760, andonverges to the ML estimatégRedner and Walker, 1984;
3000 Hz and at levels of 5, 10, 15, 20, 25, 40, and 60 dB réMoon, 1996. Mathematical details of our implementation
threshold. The stimulus was presented once per se@i@l are included in the Appendix.

msec on, 600 msec off, 2.5 msec rise and fall tinfes 180

sec or until 20000 spikes had been recorded, whicheves pnoge offset

came first. In order to avoid the possible complex effects of

onset transients and adaptation, spikes that occurred durin X ;
the first 20 msec following the onset of each stimulus anaoqfset(MO), the d|ffgrence bgtween the ”.‘Ode estm{_ )
and the corresponding multiple of the stimulus period,

during the stimulus off-time were excluded. Recordings con-
taining fewer than 5000 spikes were not included in the

The third step in the analysis was to calculate the mode

analysis. This unusually high requirement on the minimum MO, =ME;— T @)
number of spikes in the record ensures a reliable estimate of ] ) )
the 1SI distribution. wheref is the frequency of the stimulus amdis the mode

number(e.g., mode 1 contains intervals that are roughly one

stimulus period in length and mode 2 contains intervals that

are roughly 2 stimulus periods in lengthrigure 3e) illus-
Auditory-nerve responses to low-frequency stimuli tendiyates the above calculation for MO

to occur at a specific phase with respect to the stim(Raose In an effort to represent the total AN population re-

et al, 1967; Kianget al, 1965. Thus ISI distributions dis- sponse to the stimuli, pooled histograms were generated by

play modes at intervals corresponding, roughly, to integegumming all of the individual ISI histograms for a specific

multiples of the stimulus period. The main goal of the analy-stimulus frequency. Mode estimates of the pooled histo-
sis in this study was to accurately estimate modes of AN ISrams were calculated as well.

distributions in order to quantitatively verify Ohgushi’'s
(1978 observation that the intervals deviate from the stimu-
lus period.

There were three main steps to the analysis of the ISI  From six experiments, a total of 399 spike records from
distributions. First, a histogram of the intervals was pro-164 fibers were obtained that met our requirements in terms
duced. Second, the mean interval of each mode in the hist@f the minimum number of spikes, normal thresholds, and
gram was estimated by fitting, in the maximum likelihood small number of false triggers. The majority9% of the
sense, a Gaussian mixture density to the histogram. Thirdgcords were from high spontaneous rate fibers. CFs ranged
deviation of the interval modes from stimulus periods wasfrom 150 to 17 000 Hz.
characterized. Figure Za) shows a schematic representation of a stimu-
lus wave form and a hypothetical spike record. ISIs are

roughly integer multiples of the stimulus period. First-order

The first step in the analysis was to generate histogramg,ieryals are those between consecutive spikes, second-order
of the ISIs. The histogram binwidths wereuzec for fre-  intervals are those between every other spike, etc.

guencies less than 300 Hz angu&ec for frquencies above Figure 2b) shows a histogram of first-order ISls from a
300 Hz. Both first-order and all-order ISI histograms Weregjngle-unit recording generated with an 880-Hz tone stimu-
computed. lus. The modal distribution of intervals clearly reflects the
synchronization of the spike train to the stimulus and the
position of the modes provides information about the stimu-
The second step in the analysis was to estimate thkis frequency(Roseet al, 1967.
modes of the interspike interval distribution. A maximum Figure Zc) displays first-, second-, and third-order his-
likelihood (ML) estimation approach was implemented intograms based on the same spike record ad)nAs one
which the interval distributions were modeled as a mixture ofwould expect, first-order intervals are, on average, shorter
Gaussian densities with each mode in the distribution correthan second- and third-order intervals and thus fall into ear-
sponding to a single density. Thisixture densitywvas fit (in lier modes. There is, however, a great deal of overlap in the
the ML sensgto the interval histograms and the means ofdistributions of the intervals of different orders and the inter-
the individual Gaussian densities were taken as the estimategls of a particular order are not confined to a single mode in
modes in the histogram. Two forms of mixture density werethe histogram.
used, one for estimating individual modes in the interval dis-  The histogram shown in Fig.(& contains ISls of all
tributions and another for estimating the fundamental mod®rders, and is thus termed the all-order ISI histogram. This
(i.e., stimulus periodin the distributions(and subsequently histogram is sometimes referred to as the autocorrelation or
the stimulus frequengy In the first case, the individual autocoincidence histograniPerkel et al, 1967; Rodieck,
Gaussian densities in the mixture had mutually independerit967; Ruggero, 1973; Evans, 1983
means and variances. In the second case, they were assumed An important difference between first-order and all-
to have harmonically related means and a common variancerder ISI histograms is their general shape: the size of the
Because obtaining the ML estimates of the parameters imodes in the first-order ISI histogram tends to decrease as
not analytically straightforward, we used the expectationthe mode number increases; the size of the modes in the
maximization(EM) algorithm, an iterative technique which all-order ISI histogram is relatively constant. In other words,

B. Analysis

Il. RESULTS

1. Histogram generation

2. Mode estimation
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FIG. 2. Histogram generatiofe) is a schematized representation of a pure- 1760Hz  oposr 0254 P
tone stimulus and corresponding spike record from the auditory nerve. The 80 /——x x x x % 0.20 . 880 sz
order of the interspike interval is based on the number of spikes included in 60 (")"f?g; ; = 0454 -%- 440 Hz
the interval: first-order intervals are those between consecutive spikes; § 010 -0- 220 Hz
second-order intervals are those between every other spike; third-order in- 40 6
tervals are those between every third spike.and(c) are histograms of the 20 o 0057
various types of interspike interval@) is an interval histogram containing odo O 0.00-
i - i i - T T T T T 1 T
intervals of all orders, thus termed an all-order histogram. All of the histo 00 05 10 15 20 25 0

grams were generated from the same spike record. The stimulus was an .

880-Hz pure tone at 84 dB SPL. The auditory-nerve fiber from which the Intersplke Interval (msec)

recording was made had the following properties: CF: 2609 Hz; SR: 29 . .

spikes/sec. The histograms have a binwidth ofué@c and the following  FIG- 3. Histogram mode offseta)—(d) are all-order ISI histograms of

number of total intervals: first-order: 10 305; second-order: 5696; third-SPecified frequency with 4psec binwidths. Vertical dashed lines mark in-
order: 1643; all-order: 17 874. teger multiples of the stimulus perio) is a magnification of the first four

modes of(a). The gray curve outlining the histogram is the ML estimate of
the Gaussian mixture density corresponding to the histogram. 'ke
when one examines very long ISls, few are first-order interPove the modes ife) mark the ML estimate of the modéhe ML means
Is. Th ll-order ISI hi d, fl he d of the individual Gaussian pdfs in the mixture denkitybtained from Eq.
vals. The all-order ISI istogram does not re e(_:t the decayryz) operating on a histogram with gsec binwidths. The mode offset is
ing trend because higher-order intervals are included anghe deviation of the mode estimate from the corresponding integer multiple
“fill in” the modes at long intervals. of the stimulus period. Each histogram was generated from a separate spike
i ; ; ; record but each spike record was obtained from the same auditory-nerve
Iln .adglélon tkO the 329 Shplke recordsdlncluded .In the{iber. Fiber characteristics: GR2602 Hz; SR=66 spikes/sec. The stimulus
analysis, spike records t at_ met our data _req_uwemen Bvels were all 10 dB re threshold, corresponding to the following levels for
were excluded from the analysis because their histogramgach spike recorn dB SPL): (a) 27; (b) 45; (c) 62; (d) 70. (f) displays the
displayed peak-splitting. At moderate to high levels of pure-mode offsets from the histograms (a)—(d). Mode offsets are primarily a
tone low-frequency stimulation, AN ISI histograms can eX_decreasing function of interval, although, at corresponding intervals, lower
. . ! . . frequency stimuli yield slightly larger mode offsets.
hibit two or sometimes three peaks per stimulus cycle instead
of the normal ongKiang and Moxon, 1972; Kiang, 1980;
Liberman and Kiang, 1984; Kiang, 1990; Ruggesbal, for intervals greater than about 5 msec, mode offsets are
1996. Most of the fibers from which we recorded did not insignificant. To a first approximation, the mode offsets de-
exhibit this behavior within our stimulus-level range, but pend primarily on ISI and not stimulus frequency. However,
those records that did were excluded to simplify the analysisat any particular ISks5 msec, lower frequency stimuli gen-
In our data, peak splitting occurred primarily at stimulus fre-erally yield slightly larger mode offsets.
guencies below 440 Hz. Figure 4a)—(c) show how mode offsets vary with fiber
CF, spontaneous ratSR), and discharge ratébR) for all-
order histograms of 220 and 1760 Hz. The DR is typically a
Figure 3a)—(d) are all-order ISI histograms from one compressed function of stimulus level ranging from SR to
AN fiber for four different stimulus frequencies. FiguréeB  saturation rate. The mode offsets in all-order ISI histograms
is a magnification of the histogram i@ with the mode do not obviously depend on the fiber CF, SR, or DR. Be-
estimates indicated by's above each mode. As previously cause of this, we decided to pool the ISI déaaross fibers
reported by Ohgush(i1978, 1983, the short interval¢early  and stimulus levelsand use pooled histograms for testing
mode$ are slightly longer than stimulus periods. This devia-the model presented in the next section. Because pooled his-
tion is presumed to be at least partially due to the refractoryograms contain many more intervals than single-fiber histo-
period of the auditory-nerve fibefOhgushi, 1978 The grams, they more accurately represent the underlying inter-
mode offset for the first mode is labeled in the figure. val probability distributions. Figure(d) shows mode offsets
Mode offsets from the histograms in Fig(aB-(d) are  grouped by the cat from which they were measured. There is
plotted in (f) as a function of ISI length. The mode offset a small, but statistically significarsee caption variation
decreases monotonically as the ISl incred$gg. 3(f)] and  across cats for the 1760-Hz data. Despite this trend, we de-

A. All-order interspike intervals
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FIG. 4. Variation of mode offset across spontaneous rate, characteristic frequency, discharge rateasadnzak the first mode offset of every individual

220-Hz data record an@’s mark the second mode offset of every individual 1760-Hz data record. These frequencies and mode numbers were chosen as
typical representatives of our low- and high-frequency datéc)lnines connect mode offsetplotted against DRRthat were derived from the same fibéa),

(b), and(c) show that there is no obvious dependence of mode offset on CF, SR, qdDghows how mode offset depends on the cat from which it was
measured. One-way ANOVA on the data(u), using the cat number as the individual factor, yielded the follovgnglues:p=0.003 for 1760 Hz and

p=0.139 for 220 Hz. Although there were significant differences in mode offsets across cats, our decision to pool data across cats did not affedt our gener
conclusions.

cided to also pool data across cats. Conclusions based on tBe First-order interspike intervals
analysis of data from individual cats were not different from

those based on pooled data. fiber discharge rate while the shape of all-order histograms

Flgure 5 shows poqled histograms for six stimulus fre_remains relatively constar(Cariani and Delgutte, 199ha
guencies. The pooled histograms are much smoother than tr&e

single-fiber histograms due to the large number of intervar?Igure 7 shows interval histograms from one AN fiber for a

The general shape of first-order histograms changes with

they contain. Mode offsets are clearly visible at intervals les ZO'H_Z tone at three_ stimulus levels. As the .SPL’ and_there-
than about 5 msec. Modes in the 110 and 220 Hz histogra ore discharge rate, increases, the average first-order interval

show no offset because even the earliest modes occur at i#€tS shorter and the relative sizes of the histogram modes
tervals greater than or near 5 msec. reflect this change: the later modes get smaller and the early

Figure @a)—(e) show mode offsets as a function of in- modes get Iarger. In contrast, as the discharge rate increases,
terval length for pooled histograms as well as for single-fibefligher-order intervals fill in the modes that get depleted of
histograms. Figure () shows just the pooled histogram first-order intervals so that the general shape of all-order his-
mode offsets for five stimulus frequencies. Although there igograms remains unchanged.
some variation across fibers in the size of mode offsets, the The main difference between mode offsets of first-order
characteristics seen in the single-fiber data are evident in tr@nd all-order intervals is the presence of negative mode off-
pooled data: the mode offset is a monotonically decreasingets for low stimulus frequencies in the first-order data. A
function of ISI; mode offsets for intervals greater than aboutnegative mode offset means that a particular ISI mode is
5 msec are insignificant; and for a given IS, lower frequencyshorter than the corresponding stimulus-period multiple. This
stimuli yield slightly larger mode offsets. Thus these characis illustrated in the first-order low-frequency histograms in
teristics seem to be general phenomena and not just particéig. 8@ and (b): the modes occur slightly to the left of the
lar to one type of auditory-nerve fiber or stimulus intensity. stimulus period lines. Mode offset data for low-frequency
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FIG. 6. Mode offsets of all-order ISI histogramg)—(e) display the mode
offsets of pooled and individual histograms of specified frequency. Lines
. : ; connect the mode offsets of pooled histograms and dots mark the mode
The intervals are pooled from the following number of fib&es:26; (b) 75, 4¢eets of individual histogramsf) shows the pooled-histogram mode off-

() 58; (d) 47;(¢) 33; (f) 10. Positive mode offsets are visible for intervals sets for most of the experimental stimulus frequencies. Mode offsets in

=5 msed(i.e., modes at intervals smaller than 5 msec are shifted slightly t0,,,eq histograms show the same trend with interval as those in individual
the right of their corresponding stimulus-period multjpl&lote that the

. DAL histograms: mode offset is primarily a monotonically decreasing function of
scale of the abscissa if) is different than the other panels. interval, although lower-frequency stimuli yield slightly larger mode offsets

at corresponding intervals. Note that the scale of the ordinaté) iis dif-
ferent than the other panels.

FIG. 5. Pooled histogramsa)—(f) are pooled all-order ISI histograms of
specified frequency. The histograms have the same format as(Big(.

first-order ISI histograms are shown in pan@s-(f). These
mode offsets show a greater variability at low stimulus fre-
guencies than those from all-order ISIs. Mode(0,3) shows that if the previous interval lies in Mode 0,
The negative mode offsets in low-frequency first-orderthe current interval tends to be shorter than the correspond-
ISI histograms are due to the presence of intervals in Modéng stimulus-period multiple. Also, examination of
zero(0). As Fig. 9a) and(b) illustrate, an interval falls into Modeg(1,0), Modeg2,0), and Modé3,0) shows a similar de-
Mode O if two spikes occur within the same half-period of pendency on mode 0 for the current interval. Thus in a first-
the stimulus. Mode 0 is bounded on the left by the absolut®rder ISI histogram, the presence of intervals in Mode 0
refractory period and on the right by half the stimulus period.effectively biases the other modes toward smaller values.
Due to the refractory period of the AN fiber, only low- Offsets of higher modes in all-order ISI histograms are
frequency stimuli(=500 H2 produce ISI histograms that not affected by the presence of intervals in Mode 0 because
contain a Mode 0. When an interval occurs in Mode 0, thethese histograms include higher-order intervals. For every
preceding and following first-order intervals tend to befirst-order interval that is shortened by the presence of an
smaller than if just a single spike had occurred in that halfinterval in Mode 0, there is a second-order inter@@hich
period. The relationship between consecutive intervals camcludes the one in Mode)@hat is lengthened. This can be
be seen by examining a joint ISI histogrdfodiecket al,, seen schematically in Fig(&. The lengthened second-order
1962, as shown in Fig. @). The joint ISI histogram is a interval falls into the same mode as the shortened first-order
two-dimensional histogram which plots the ISI size againsinterval and counteracts its effect on the mode offset.
that of the previous ISI. It is displayed here as a gray scale The effect of Mode 0 on first-order ISI histograms can
image in which gray level indicates the number of intervalbe quantified by selecting only those intervals that do not
pairs in a small square bin. As is the case for onefrecede or follow intervals in Mode 0. This conditioning was
dimensional ISI histograms, the modal distribution of inter-performed on all of the 220-Hz stimulated spike records and
vals is clearly evident in this plot: the intervals tend to clusterthen histograms of the conditioned intervals were generated.
near integer multiples of the stimulus period. We will use theThe distribution of the mode estimates for Mode 1 in these
notation Modefi,m) to refer to the mode in which the pre- conditioned interval distributions is plotted in Figd9 along
vious interval is in Moden and the current interval is in with similar unconditioned distributions from first-order and
Mode m. Examination of Mod€,1l), Modeg0,2), and all-order ISI histograms. The alignment of the mode-estimate
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FIG. 7. A series of 220-Hz ISl histograntom the same auditory-nerve
fiber) over a range of discharge rates. Stimulus level and fiber discharge ratelG. 8. Low-frequency first-order ISI histograms display negative mode
are indicated to the left of the plots. First-order ISI histograms are plotted iroffsets.(a) and (b) show first-order ISI histograms in the same format as
(@), (c), and (e). All-order ISI histograms are plotted itb), (d), and (f). those in Fig. 3. Thex’s above the modes mark the ML estimate of the
Fiber characteristics: CF: 409 Hz; SR: 0.7 spikes/sec; threshold at 220 Hanode.(c), (d), and(e) show mode offsets from first-order ISI histograms in
47 dB SPL. The histogram binwidths are g8ec. the same format as Fig. &) shows the pooled-histogram mode offsets for
most of the stimulus frequencies. Belovb00 Hz, first-order ISI histograms
display large negative mode offsdise., modes are shifted slightly to the

distributions for all-order and conditioned first-order ISls in- left of their corresponding stimulus-period multiplén contrast to the in-

dicates that the presence of intervals in Mode 0 accounts fcﬁ{gnificant mode offsets present in low-frequency all-order ISI histograms.
. . . ote that the scales of the axes vary across panels.

nearly all of the difference between mode estimates in all-

order and first-order ISI histograms.

The negative correlation between consecutive interval§A Model for estimating pure-tone frequency
is a characteristic of our data that is not well documented in
the literature. The joint ISI histogram in Fig(® shows a The basic assumption of the model is that perceived
clear dependence between the previous and current firspitch is equal to a biased estimate of the stimulus frequency
order ISI. All of the modes are oval with the long axis going derived from AN ISIs. The bias in the frequency estimate
diagonally from the top left to the bottom right of the figure. comes from the mode offsets in the ISI histograms. Fre-
This means that if the previous interval was shorter tharfjuency estimates were derived from interval histograms us-
average, the current interval will tend to be longer than aving the EM algorithn{Eqgs.(A1) and(A2)], assuming a mix-
erage and vice versa. This is a consequence of phase-lockirigire density of Gaussians with harmonically related means
every interval longer than the stimulus period must be com{Eq. (A9)],
pensated for by a shorter interval if the spikes are to remain
phase-locked. 1

f= N &

11l. MODEL ~ . . . R .
wheref is the estimate of stimulus frequen€yuy, is the

Our primary objective in formulating é&entra) model ML estimate of the fundamental mean in the mixture density
for octave matching is to evaluate how physiological con{u™ in Eg. (A10)], and N, iS the number of modes in-
straints in the auditory periphery, i.e., deviations in AN ISls,cluded in the calculatiofiM in Egs.(A10) and(A11)]. If the
affect the central processor. This is best accomplished witmodes occur exactly at integer multiples of the stimulus pe-
simple models that have few, if any, free parameters, so thatod, ), will equal the stimulus period and the frequency
the effect of the peripheral physiological behavior is notestimate will be equal to the stimulus frequency.
clouded. With this in mind, we developed a temporal model  Estimates for each stimulus frequency were calculated
for pure-tone octave matching based on Ohgusti®83  using pooled ISI histograms and their deviations from the
model. stimulus frequency were derived as follows:
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FIG. 9. Intervals in Mode 0(a) is a schematic representation of a stimulus 100 1000
and a corresponding spike record. The number between the spikes in Stimulus Frequency (Hz)

indicates the mode of the histogram, shown(bj to which the first-order

interval belongs(b) is a first-order ISI histogram ar(@) is a joint first-order . T .
ISI histogram of the same auditory-nerve spike record. The joint ISI histo-',zIG' 10. Frequency estimate deviatiofpy) vs frequency.(a) displays

gram is a two-dimensional histogram which plots ISI size against that of thef pev calculated from pooled all-order ISI histograms for the valueN gf
previous ISI. It is displayed as a gray-scale image in which gray levelshown next to each tracéb) displaysfpygy calculated from pooled first-

indicates the number of interval pairs in a small square bin. The dashed linggrder |S| histograms. For frequencies00 szfDEV is a decreasing func-
in (b) and (c) mark integer multiples of the stimulus period. The stimulus tjon of both frequency andly.,. Error bars show an estimate of the stan-

was a 220-Hz pure tone at 61 dB SPL. The fiber characteristics are: CF: 37§ard error of f The estimate was calculated using the bootstrap
. . H . . P DEV -
Hz; SR: 76 spikes/sec; threshold at 220 Hz: 36 dB SPL. The hIStograrTEechnique(Efron and Tibshirani, 1993 50 simulations of the frequency

binwidth is 80usec in(b) and 64usec for both dimensions ). (d) shows . . - . :
the distribution of the estimates of Mode 1 in 50 individual 220 Hz histo- estimate were calculate[ﬁq. (.2)] in which poole_d histograms were gener
ated by randomly choosingith replacementspike records of individual

grams for all-order, first-order, and conditioned first-order ISls. The condi-_,. . - -
7 . . . . timulus presentations. The standard deviation of the frequency estimates
tion in the third case is that the intervals do not follow or precede an |ntervaf

in Mode 0. The traces are vertically offset for clarity and the vertical bar in rom these simulations is an estimate of the standard error of the mean.
the lower left denotes 20 modes. The binwidth of the mode estimate distri-

bution is 50usec. The vertical dashed line marks the stimulus period. Nega$ ) : : :
tive mode offsets in low-frequency first-order ISI histograms are due tof pev's for low stimulus frequencies because the histograms

shortened intervals caused by intervals in Moded, two spikes withinthe ~ CONtain negative mode offsets.
same half-period of the stimulus Figure 10 also shows that the free parameltgf,,
greatly influences the frequency estimate at high frequencies.

For low values ofN,,., the frequency estimate has a rela-

A o tively large bias from the mode offsets of the lower modes.
fpev= 100 E (3)  Since the mode offset is minimal in the higher modes, the
frequency estimate becomes less biasedNgg, increases.

On the other hand\,,, has little effect on the estimates at
wheref gy is the percent deviation of the frequency estimatelow frequencies because either the mode offsets are consis-
andf is the frequency estimate. tently small for all modes(all-order ISIg, or the higher

foey is plotted versus stimulus frequency in Fig. 10 for modes contain few intervals and thus little weight in the
three values oN,,,,. For both all-order intervals and first- calculation off (first-order ISI3.
order intervals,fpgy is a decreasing function of stimulus .
frequency? This trend is a direct result of the dependence ofS- Model for octave matching

mode offset on interval size. As the stimulus frequency in-  The model operates on two sets of pooled ISI histograms
creases, the stimulus period decreases and the offset for agy predict the size of the pitch interval separating their re-
given mode number increases. This results in a larger estspective stimuli. The pitch interval prediction is obtained by
mate of the fundamental periody,_, and hence, a decrease comparing the frequency estimaf&q. (2)] of a low-

in the frequency estimate. For all-order intervaisg, is  frequency tonef,, with the frequency estimate of a high-
always negative because mode offsets are always positivéequency tonef,. The model predicts that, and f, are

On the other hand, first-order ISI intervals yield positive separated by a subjective octave when,
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(a) psychoacoustic data. At 1500 Hz, the model predicts the
All-Order

range of psychoacoustic data simply by varyhg,, from 4
to 6.

When operating on first-order ISls, the model, with
Nmnhax=4, predicts an octave enlargement in general agree-
ment with the psychoacoustic data, except at 100 Hz, where
the model predicts a much larger deviatidfig. 11(b)]. In
addition, the model predicts a decrease in deviation as fre-
quency increase&t low frequenciesbut the psychoacoustic
-1 data show the opposite trend. The model's predicted octave
enlargement at low frequencies is due to the negative mode
offsets in the first-order ISI histograms. The frequency esti-
First-Order mates of these low-frequency tones are higher than the true
frequency[see Fig. 1(b)] and when they are matched to
estimates ofuppe) tone frequencies that produce little or no
negative mode offsets, an octave enlargement is predicted.

In summary, the model, operating on first- or all-order
ISIs with N,,,~4—6, predicts the octave enlargement effect
at mid- to high frequencies. At low frequencies, the model
underestimates the effect when operating on all-order ISIs
and overestimates it when operating on first-order ISls.

(b)

Deviation from Physical Octave (%)

N ] 3 i 5 6 78487 H 3

100 1000 IV. DISCUSSION
Frequency of the Lower Tone (Hz)
A. Auditory nerve physiology

FIG. 11. Model predictions of the octave enlargement effect. The model .
predictions are based on pooled histograms for each stimulus frequency. We have show_n that, in response to |0\_N'frequency_ pure
Error bars show the estimated standard error of the subjective octave préones, AN ISIs deviate systematically from integer multiples
diction and were calculated in a similar manner to those in Fig.(d0.  of the stimulus period. When quantitatively expressed as
shows the model predlc_t|ons for all-order ISls and several values,gf. {node offsets in ISI histogranf&g. (1)], the deviations are
(b) shows the same for first-order 1SIs. Although low-frequency data are no " .
well predicted by the model, the predictions based on all-order intervals arPC)S't'Ve for ISIs less than. S msec and decrease with increas-
within the range of the psychoacoustic data With,~4—6. ing ISI until they become insignificant for ISIs greater than 5
msec. In addition, first-order intervals show negative mode
R R offsets for stimulus frequencies less than 500 Hz. These ro-
fo=2-1,. (4) bust phenomena exist for all CFs and SRs and over a wide
range of stimulus levels. Our quantitative characterization of
The model algorithm can be interpreted graphically aghese physiological properties provides a solid basis to study
attempting to align the modes of the scalég two) f, his-  how they can effect any temporally based estimate of the
togram with the modes of thé, histogram. An octave is Stimulus frequency.

predicted when the modes are best aligned. Our data and analyses suggest that positive and negative
The deviation of the model predictidie., “subjective ~ mode offsets in ISI histograms arise from fundamentally dif-
octave”) from the physical octavel p, Is: ferent mechanisms. We showed in Fig. 9 that negative mode

offsets, seen in first-order ISl distributions for low-frequency
stimuli, are due to the occurrence of multiple spikes within

Ago=100- M (5)  the same half-period. In order to maintain phase-locking be-
fi tween the stimulus and AN response, the intervals before and
after these multiple spikes tend to be slightly shorter, on
for f; andf, separated by a physical octave. average, than multiples of the stimulus period. Positive mode

Model predictions are shown in Fig. 11 for several val- offsets, on the other hand, have been attributed to the refrac-
ues ofN .- As in the frequency estimat€ig. 10), variation  tory properties of the neuron®hgushi, 1983, 19%8and,
in Nnax results in large changes in model predictions at highspecifically, to a reduction in conduction velocity during the
frequencies. AN ., increases, more modes with little or no relative refractory periodde Cheveignel1985. While these
offset are included in the frequency estimates and the resultdeas are reasonable, it is important to note that the delays
ing deviation of the subjective octave decreases. causing the offsets could arise at any point from the basilar
When all-order ISIs are used as model input, the modeinembrane to the AN fiber.
predicts an octave enlargement in general agreement with the A physiological characteristic that we saw in our data
psychoacoustic dat@Fig. 11(a)] at most frequencies for but ignored in the analysis is peak splitting. This phenom-
Nma=4—6. At low frequencies, the model underestimatesenon causes two or more modes of intervals to be present
the psychoacoustic octave enlargement for all values oivithin a single stimulus period of an ISI histogram instead of
Nmax: but its predictions are still within the range of the the usual one mode per stimulus period. The multiple modes
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are the result of the AN response going through a change iaulting octave interval prediction. Rather than treating it as
phasgas much as 180telative to the stimulus as the stimu- an arbitrary free parameter, it would be nice to givg,, a
lus level is increasedKiang and Moxon, 1972; Johnson, physiological or psychoacoustic interpretation. If one as-
1980; Kiang, 1980, 1990 sumes that pure-tone pitch is based on the interspike interval
At first sight, peak splitting would seem to wreak havoc distribution of AN spikesN,., could be related to the mini-
on temporal models for pitch. At stimulus intensities wheremum tone duration required to elicit a pitch.
peak splitting occurs, a model operating on the intervals A number of psychoacoustic studies have investigated
would estimate multiple frequencies, depending on the dethe effect of tone duratiorifor very short toneson pitch
gree of phase shift. However, because the stimulus intensitfDoughty and Garner, 1947, 1948; Pollack, 1p@nd the
at which peak splitting occurs depends on both fiber CF anadbility to recognize musical melodiegPattersonet al.,
stimulus frequency, only a small fraction of AN fibers will 1983. A general result from these studies is that, for tones
exhibit peak splitting at the same stimulus intensity. So, in éelow about 1000 Hz, a minimum number of cycles (6
temporal model for pitch that operates on intervals pooled- 3) is required to elicit a stable pitch or to achieve maxi-
from fibers across many CFs, peak splitting most likely has anum performance in melody recognition. On the other hand,
small effect on the pooled interval distribution, leaving theabove 1000 Hz, a minimum tone duratignr10 mseg is

overall frequency estimate relatively unchanged. required to elicit a stable pitcfGulick et al., 1989. If Npax

is taken as the number of cycles required to elicit a pitch for
B. Temporal models for octave matching and pitch low frequencies, our empirically derived range fdi,qy
perception (~4-6) is consistent with this result. It should be noted that

Our model for octave matching makes pitch-interval 4" analyses q_o not include the first_ 20 msec of the AN
judgments based on frequency estimates of two tones. EadfiSPONse. Ver|f|cat|_on of Sl.JCh a relat|onsh|p bem%.
frequency estimate is computed from a pooled AN ISI his—and minimum duration for pitch would require a study W.h'Ch
togram by fitting it with a Gaussian mixture density with carefully addresses the effects of adaptation and ringing of

harmonically related means. An octave is predicted when thgwe cochlear filter for short-duration tones. Nevertheless, our
frequency estimate of one tone is twice that of another toné;,esmtS suggest thf‘t there may be a link between the two
The model predicts the octave enlargement effect except a{nte'grattlr?n tlmes_. Jerat lated i< that th I
very low frequencies, where it slightly underestimates the nother consideration related My, is that the overa

effect when operating on all-order ISIs and overestimates th eural delay required to perf_orm _octav_e matches for low-
effect when operating on first-order ISls. requency tones may be physiologically implausible. For ex-
ample, with N,,,=5, the total delay required to obtain a

1. Comparison with Ohgushi's model frequency estimate for a 60-Hz tone is 83 msec. There is
Our model is similar to Ohgushi'€983 model for oc- however, evidence for the existence of a lower limit to mu-
tave matching. The basic elements of the models are thgical pitch around 90 H¢Biasutti, 1997, which reduces the
same although there are three primary differences in hignaximum required neural delay in our model to about 55
implementation: he uses first-order ISIs only; his frequencymnsec.
estimates were based on just the first two modes of the his-
togram while we used a variable numbe\ () of modes; 3. An alternative model for octave matching
and he calculates frequency estimates from the modes with We developed and implemented a second model for oc-
weights obtained by fitting the model predictions to the PSY+tave matching following a suggestion by Hartmai993.
choacoustic data and adjusting two free variables. These diNoting that the scaling factor of two in Ohgushi$983
ferences lead to different predictions at low frequenciesy el for octave matching is arbitrary, Hartmann suggested
when operating on first-order ISIs. Ohgushi’s model prediCynat 5 more physiologically grounded model is one that at-
tions are consistent with the psych_oacougnc data on the O"Eémpts to correlate the ISls without first scaling those from
tave er_llargement for all frequ_enmes while our model hagy,q low-frequency tone. The comparison is then made be-
difficulties at very low frequencie6<200 H2. It should be  yeen two tones using only the intervals from the even
pointed out that with two free parameters, Ohgushi had Morg,,qes in the ISI histogram for the high-frequency tone. This

flexibility with which to fit the data. model can be interpreted graphically as attempting to align

In gdd.ition, _Ohgu§hi operat.ed on rather coa($80-  he modes of thé, histogram with the even modes of the
usec binwidth single-fiber ISI histograms from only four histogram.

AN fibers, published by Roset al. (1967, 1968, while our  pegpjte the appeal of Hartmann's suggestion, we found
model predictions were based on fine-resolution pooled h'sfhat this model fails to predict the octave enlargement phe-
tograms which represent a large number of fibers and Spikeﬁomenon and instead predicts a slight octave contraction.
Analysis of our data using Ohgushi’s method yields reSUItSl'he cause of this prediction can be seen by examining the

similar to his. mode offsets at the same interval size in Figf).6In an
octave comparison between two tones separated by a physi-
cal octave, the second mode in the ISI histogram for the
The one free parameter in our modeNs,.,, the num-  high-frequency tone has a smaller mode offset than the first
ber of modes over which the frequency estimate is calcumode of the lower frequency tone. This causes the sub-
lated.Nhax Can greatly affect the frequency estimate and re-octave estimate of the higher tone to be slightly higher than

2. Interpretation of N 4
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the frequency estimate of the lower tone. In order to achieveited clicks was better for regular first-order interclick inter-
a subjective octave match, the higher frequency tone needals. Results of our study do not strongly favor either first- or
to be slightly lower in frequency than the physical octaveall-order intervals. Model predictions based on first-order
above the lower tone. This results in a predicted octave conSls overestimate the subjective octave at low frequencies

traction rather than an octave enlargement. and those based on all-order ISIs slightly underestimate the
subjective octave. The trend with frequency, however, of
4. Temporal models for pitch those predictions based on all-order ISls is more consistent

with the psychoacoustic data. Nevertheless, we can not rule
out models based on intermediate combinations of the two

stein and Srulovicz, 1971n that they are based on the idea tyEes ?]f mterhv_alr? or ((j)_thte:hmoret compllex mOdeltS’bSUCZ as
that pitch is a frequency estimate of a pure-tone stimulus; gushr's, which predict the octave eniargement based on
based on temporal discharge patterns. Both Sieti®&70 wst-prder ISls. Also, it is conce!vable thaF d”ffefe”t. physi-
and Goldstein and SrulovicZ1977 represent AN activity ological cues may be responsible for discriminating fre-

with nonhomogeneous Poisson processes. Siebert’s main ofivency than for matching octaves or for performing other

jective was to investigate the limitations in frequency dis-taSkémVOIV'dn% fmUS'CtaI p'tCh't hing is al | o th
crimination of an optimal processor operating on spike times i ur modet for oc ?VZ madcblngGlslda f’o a;la OSOUS o the
of modeled AN activity. He discovered that there is enoughOp imum processor introduced by Goldstcl973. He uses

temporal information in the all-order intervals from a small @ €Mplate of Gaussian density functions spaced harmoni-

number of auditory-nerve fibers to account for the psychoaf:ally along the spectral axis to fit, in the ML sense, the ex-

coustic data on frequency discrimination. However, the slop(gItatlon pattern produced by a complex tone. Although his

of the predicted frequency discrimination limen Versus!mplementation operates on spectral excitation, there is noth-

stimulus duration far exceeded psychoacoustic performancéng inherent to the model that precludes its operation on

Goldstein and Srulovicz showed that a similar model Opera,[l_riterval distributions. Our model is similar to his in that it fits
ing on only first-order ISIs better predicts the dependence OtFarmonlc templates to noisy and possibly inharmonic data.

the psychoacoustic frequency difference limen on stimuluén. Goldstein S case, the mharmomuty only arises if the
duration. stimulus contains inharmonically related partials. In our case,

The essential difference between these models and ouF e inharmonicity is always present and comes from mode

is that the optimal processor models give unbiagkid ) ofs%str:n ISrI] d'StEbUt'ons‘ irated solel ¢ | mod
estimates of the stimulus frequency. The octave matchin% ough we have concentrated solly on temporal mod-

Our model for octave matching is similar to existing
models for frequency discriminatio(Siebert, 1970; Gold-

model relies on biased frequency estimates which result fro Is, we should nqt forget that there exist alternative schemes
the assumption that modes of the ISI distribution are harioF octave matching, namely rate/place models. Terhardt's

monically related to the stimulus period. These biases Werélgn’ 1974 model for virwal p|tch thgoreuoally pred|ct§ the
ctave enlargement effect and is discussed in that light by

lacking in the Siebert and Goldstein models because refra(ic_z| )
tory effects were not included in the Poisson processes. | a””.‘a””(1993- Terhardt suggests that through pervasive
An important distinction within the class of temporal I'thnmgft? ”a:““'?" tongtc$mplextets we de;l/etlr:)pt memori tem-
models for pitch is between those that operate on first-ordep are> Of tonotopic excitation patierns and that we make oc-
tave judgments based on the places of maximum excitation

ISIs and those that operate on all-order ISIs. All-order inter- h ‘ lates. He furth wlates that th
vals can be obtained from a spike train using delay lines an{l! (hese memory templates. Fe further postulates that these

coincidence detectors as proposed by Licklidd©51. tgmplates are s_tretched, ie., the_pla_ces of maximum excita-
Analysis of first-order intervals, on the other hand, requirest'o_n correspondlqg o the harmonics in the tone complex are
an extra stage of processing to eliminate the higher-ord §h|fted(upwards in frequendydue to mgsklng effects caqseq

intervals. This makes a model based on first-order ISIs lesg’ the presence of the lower harmonics. Thu§ the_ subjective
appealing, physiologically, than one that operates on aljoctave, based on these stretched templates, is slightly larger

order intervals. A further advantage for a model operating orihan the physmsl oct?ve.lTherel 'S sortnhe e(\:/ll:de?ce tzalllt ][%Wer'
all-order intervals may be the fact that all-order interval dis-' cdU€ncy masking stimuli can fower the &= of an Iber

tributions tend to be more stable across stimulus level thaﬁK'anrq and Moxon, 1974; Delgutte,_19pbut the effect of
first-order interval distributions, as shown in Fig. 7. masking depends on the overall stimulus level and on the

We have seen in this study, as have Goldstein and grJelative levels of the signal and masker. It is not known
lovicz (1977, that model predic’tions based on one or thewhether these effects are quantitatively adequate to validate

other type of ISI can vyield different results. Goldstein andTerhardt’s theory.
Srulovicz show that in the context of frequency discrimina-

tion, operating on first-order ISIs results in a better fit to theV' CONCLUSION
psychoacoustic data than operating on all-order ISIs. Also, We have shown that, in response to low-frequency pure
psychophysical experiments attempting to distinguish betones, AN ISIs less than 5 msec are systematically larger
tween the two kinds of ISI-based pitch models have favoredhan integer multiples of the stimulus period and, for fre-

first-order I1SIs(Kaernbach and Demany, 199&aernbach quencies less than 500 Hz, first-order ISls are smaller than
and Demany used random click train stimuli with specifiedinteger multiples of the stimulus period. These deviations
first- and higher-order interclick distributions and found thatresult in biased estimates of frequency and can lead directly
discrimination between those stimuli and randomly distrib-to a prediction of the octave enlargement effect by temporal-

2689 J. Acoust. Soc. Am., Vol. 106, No. 5, November 1999 M. F. McKinney and B. Delgutte: Octave enlargement 2689



based models. Thus computational models for pitch mayaper for details on the preliminary derivations and focus
have to incorporate detailed physiological properties of thénere on details pertinent to our implementation.
auditory periphery, such as refractoriness, in order to predict
effects such as octave enlargement. ] o ]

Correlating psychoacoustic behavior in the context of}- Gaussians with independent means and variances
pitch effects with physiological responses to the same set of  To characterize the individual modes of ISI histograms,
stimulus conditions can lead to valuable insights into theye modeled each interval distribution as a mixture of
neurophysiological basis of pitch. Here, we have examined-weighted, univariate Gaussian probability density func-
models for octave matching operating on two forms of ISlIstions (PDF) with independent means and variances,
and, although no model is completely satisfactory, one of M
them, operating on all-order intervals, comes close to pre- _
dicting tﬁm oct%ve enlargement effect over its entire lPre- p(x|q))_2’1 wPi(x ). (A3)

guency range. This result is consistent with the notion that . . . . e
musical pitch is based on a temporal code where x is a single interval in the distribution®

=(aq,...,.am,d1,.--,PM), @ iS @ non-negative weighting,

Ei""zlaiz 1, andp; is a univariate Gaussian pdf with param-
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M ’ ’
, a pi(x| #/)
APPENDIX: THE EM ALGORITHM Q(e|® )_Z‘l .Z’l p(xJ®’) |19
In order to find the ML estimates of parameters in the M N al pi(x] b))
Gaussian mixture densities described in E48), (A4), and +> > logpi(xd i) ;k,'
(A9), we used the iterative EM algorithn(Redner and i=1k=1 (x| ")
Walker, 1984; Moon, 1996 This Appendix briefly describes (A5)

Fhe EM a'gof'thm and shows the mathematical details of ou(/vhereN is the number of data samplésumber of intervals
implementation.

. . . _in the histograny and the other variables are as defined in
The general idea of the EM algorithm is as follows: Eq. (A3). Note that maximization of(®|®') with respect
Ideally, one would like to obtain ML estimates for param- q: ' P

to the weightsg;, is independent of the parameteds,, of
eters @, of a pdf, f(y|®), over the complete sample space, . o jiidual densities. Maximizin@(®|d') with respect
Y. At hand, however, is an incomplete data samyp)eyhich

- . L A to the individual parameters leads to the following relations,
is insufficient to compute and maximize the log-likelihood which are special cases of Eq4.5), (4.8), and(4.9) in Red-
function overY. In our case, the vector={x,:k=1N} is b R '

the interspike interval distribution wherg is a single inter- ner and Walke(1984,
val andN is the number of intervals. The data sample is Lo N pi(xd )

incomplete because the component density in the mixture &; :szl W (AB)
from which a particular interval arises is not known. A com-

plete data sampley,=(X,iy), would consist of the inter-

+1e L K , N N alpixl ) Nl pixd ¢)
spike interval,x,, and an indicatorj,, of the component My = kz/l Xk Ta & o@D

P’ = P’ '
density from whichx, originated. So, instead of maximizing POX|P") 1 POW®) (A7)
the log-likelihood overyY, the EM algorithm maximizes the
expectation of lod{ly)) given the datax, and the current ) ai pi(x &)
parameter estimate®’. The two-step EM algorithm is, k21 (X i )Zp(x—|<I>’)

2 = k
E-step: Determine:Q(®|®’)=E(log(f(y|®))|x,®"). o= - - : (A8)
(A1) | a; pi(xy| &, )]
M-step: Choose:®" e arg maQ(®|®’). (A2) k=1 PO/ P")
@

wherea;”, u, ando;'? are the parameter values used in
With each iteration, the next parameter estimat®s, re- the subsequent iteration of the algorithm. In this form of
place the current parameter estimat®$, until convergence mixture density, the weights, means, and variances of the
or until the difference between sequential sets of parameteiadividual densities in the mixture are mutually independent.
is less than some designatedOur implementation of the This form was used to characterize the individual modes in
EM algorithm follows directly from equations developed in the interval histograms. The ML estimate @f was used as
Redner and Walke(1984), so we refer the reader to their an estimate of théth mode.
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